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Abstract. Generalization of an idea may lead to very interesting result.
Learning how torsion influences on tidal force reveals similarity between tidal
equation for geodesic and the Killing equation of second type.
The relationship between tidal acceleration, curvature and torsion gives an
opportunity to measure torsion.
Paper [6] drew my attention. To explain anomalous acceleration of Pioneer 10
and Pioneer 11 ([4]) Antonio Ranada incorporated the old Einstein’s view on nature
of gravitational field and considered Einstein’s idea about variability of speed of
light. When Einstein started to study the gravitational field he tried to keep the
Minkowski geometry, therefore he assumed that scale of space and time does not
change. As result he had to accept the idea that speed of light should vary in
gravitational field. When Grossman introduced Riemann geometry to Einstein,
Einstein realized that the initial idea was wrong and Riemann geometry solves his
problem better. Einstein never returned to idea about variable speed of light.
Indeed, three values: scale of length and time and speed of light are correlated in
present theory and we cannot change one without changing another. The presence
of gravitational field changes this relation. We have two choices. We keep a priory
given geometry (here, Minkowski geometry) and we accept that the speed of light
changes from point to point. The Riemann geometry gives us another option.
Geometry becomes the result of observation and the measurement tool may change
from point to point. In this case we can keep the speed of light constant. Geometry
becomes a background which depends on physical processes. Physical laws become
background independent.
1. Tidal Acceleration
Observations in Solar system and outside are very important. They give us an
opportunity to see where general relativity is right and to find out its limitation. It
is very important to be very careful with such observations. NASA provided very
interesting observation of Pioneer 10 and Pioneer 11 and managed complicated
calculation of their accelerations. However, one interesting question arises: what
kind of acceleration did we measure?
Pioneer 10 and Pioneer 11 performed free movement in solar system. Therefore
they move along their trajectory without acceleration. However, it is well known
that two bodies moving along close geodesics have relative acceleration that we call
tidal acceleration. Tidal acceleration in general relativity has form
(1.1)
D2δxk
ds2
= Rklnkδx
kvnvl
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where vl is the speed of body 1 and δxk is the deviation of geodesic of body 2 from
geodesic of body 1. We see from this expression that tidal acceleration depends on
movement of body 1 and how the trajectory of body 2 deviates from the trajectory
of body 1. But this means that even for two bodies that are at the same distance
from a central body we can measure different acceleration relative an observer.
Section 2 is dedicated to the problem what kind of changes the tidal force expe-
riences on metric affine manifolds.
Finally the question arises. Can we use equation (2.5) to measure torsion? We
get tidal acceleration from direct measurement. There is a method to measure
curvature (see for instance [3]). However, even if we know the acceleration and
curvature we still have differential equation to find torsion. However, this way may
give direct answer to the question of whether torsion exists or not.
Deviation from tidal acceleration (1.1) predicted by general relativity may have
different reason. However we can find answer by combining different type of mea-
surement.
2. Tidal Equation
I consider generalized connection [7]-(10.1). We assume that considered bodyes
perform not geodesic but arbitrary movement.
We assume that both observers start their travel from the same point1 and their
speed satisfy to differential equations
(2.1)
DviI
dsI
= aiI
where I = 1, 2 is the number of the observer and dsI is infinitesimal arc on geodesic
I. Observer I follows the geodesic of connection [7]-(10.1) when aI = 0. We assume
also that ds1 = ds2 = ds.
Deviation of trajectories (2.1) δxk is vector connecting observers. The lines
are infinitesimally close in the neighborhood of the start point
xi2(s2) = x
i
1(s1) + δx
i(s1)
vi2(s2) = v
i
1(s1) + δv
i(s1)
Derivative of vector δxi has form
dδxi
ds
=
d(xi2 − x
i
1)
ds
= vi2 − v
i
1 = δv
i
Speed of deviation δxi is covariant derivative
Dδxi
ds
=
dδxi
ds
+ Γiklδx
kvl1
= δvi + Γiklδx
kvl1
(2.2)
From (2.2) it follows that
(2.3) δvi =
Dδxi
ds
− Γiklδx
kvl1
1I follow [3], page 33
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Finally we are ready to estimate second covariant of vector δxi
D2δxi
ds2
=
dDδx
i
ds
ds
+ Γikl
Dδxk
ds
vl1
=
d(δvi + Γiklδx
kvl1)
ds
+ Γikl
Dδxk
ds
vl1
=
dδvi
ds
+
dΓikl
ds
δxkvl1 + Γ
i
kl
dδxk
ds
vl1 + Γ
i
klδx
k dv
l
1
ds
+ Γikl
Dδxk
ds
vl1
(2.4)
D2δxi
ds2
=
dδvi
ds
+ Γikl,nv
n
1 δx
kvl1 + Γ
i
klδv
kvl1 + Γ
i
klδx
k dv
l
1
ds
+ Γikl
Dδxk
ds
vl1
Theorem 2.1. Tidal acceleration of connection [7]-(10.1) has form
D2δxi
ds2
= T iln
Dδxn
ds
vl1 + (R
i
klm + T
i
km;<l>)δx
mvk1v
l
1
+ ai2 − a
i
1 + Γ
i
mlδx
mal1
(2.5)
Proof. The trajectory of observer 1 satisfies equation
(2.6)
Dvi1
ds
=
dvi1
ds
+ Γikl(x1)v
k
1v
l
1 = a
i
1
(2.7)
dvi1
ds
= ai1 − Γ
i
klv
k
1v
l
1
The same time the trajectory of observer 2 satisfies equation
Dvi2
ds
=
dvi2
ds
+ Γikl(x2)v
k
2v
l
2
=
d(vi1 + δv
i)
ds
+ Γikl(x1 + δx)(v
k
1 + δv
k)(vl1 + δv
l)
=
dvi1
ds
+
dδvi
ds
+ (Γikl + Γ
i
kl,mδx
m)(vk1v
l
1 + δv
kvl1 + v
k
1δv
l + δvkδvl)
= ai2
We can rewrite this equation up to order 1
dvi1
ds
+
dδvi
ds
+ Γiklv
k
1v
l
1 + Γ
i
kl(δv
kvl1 + v
k
1 δv
l) + Γikl,mδx
mvk1v
l
1 = a
i
2
Using (2.6) we get
ai1 +
dδvi
ds
+ Γiklδv
kvl1 + Γ
i
klv
k
1δv
l + Γikl,mδx
mvk1v
l
1 = a
i
2
(2.8)
dδvi
ds
= −Γiklδv
kvl1 − Γ
i
lkδv
kvl1 − Γ
i
kl,mδx
mvk1v
l
1 + a
i
2 − a
i
1
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We substitute (2.3), (2.7), and (2.8) into (2.4)
D2δxi
ds2
= −Γiklδv
kvl11
− Γiln(
Dδxn
ds
− Γnmkδx
mvk1 )v
l
1 − Γ
i
kl,mδx
mvk1v
l
1
+ ai2 − a
i
1
+ Γimk,lv
k
1δx
mvl1 + Γ
i
klδv
kvl1
1
+ Γimnδx
m(an1 − Γ
n
klv
k
1v
l
1) + Γ
i
nl
Dδxn
ds
vl1
D2δxi
ds2
= (Γimk,l − Γ
i
kl,m + Γ
i
lnΓ
n
mk − Γ
i
mnΓ
n
kl)δx
mvk1v
l
1
+ Γinl
Dδxn
ds
vl1 − Γ
i
ln
Dδxn
ds
vl1
+ ai2 − a
i
1 + Γ
i
mnδx
man1
D2δxi
ds2
= (Γimk,l − Γ
i
km,l + Γ
i
km,l − Γ
i
kl,m
+ ΓilnΓ
n
mk − Γ
i
nlΓ
n
mk + Γ
i
nlΓ
n
mk − Γ
i
nlΓ
n
km + Γ
i
nlΓ
n
km
− ΓimnΓ
n
kl + Γ
i
nmΓ
n
kl − Γ
i
nmΓ
n
kl)δx
mvk1v
l
1
+ T iln
Dδxn
ds
vl1 + a
i
2 − a
i
1 + Γ
i
mnδx
man1
D2δxi
ds2
= T iln
Dδxn
ds
vl1
+ (T ikm,l
2
+ Γikm,l
1
− Γikl,m
1
+ T inlΓ
n
mk2
+ ΓinlT
n
km2
+ ΓinlΓ
n
km1
− T inmΓ
n
kl2
− ΓinmΓ
n
kl1
)δxmvk1v
l
1
+ ai2 − a
i
1 + Γ
i
mlδx
mal1
(2.9)
Terms underscored with symbol 1 are curvature and terms underscored with symbol
2 are covariant derivative of torsion. (2.5) follows from (2.9). 
Remark 2.2. The body 2 may be remote from body 1. In this case we can use
procedure (like in [4]) based on parallel transfer. For this purpose we transport
vector of speed of observer 2 to the start point of observer 1 and then estimate tidal
acceleration. This procedure works in case of not strong gravitational field. 
Remark 2.3. If in central field observer 1 has orbital speed Vφ, observer 2 moves in
radial direction and both observers follow geodesic then tidal acceleration has form
D2δx1
ds2
= R1lnkδx
kvnvl
= (R1001v
0v0 +R1221v
2v2)δx1
= (
rg
r3c2
1
1−
V 2
φ
c2
− (−1 +
rg
2r
−
r − rg
r
)V 2φ )δx
1

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Remark 2.4. If observer 2 follows geodesic in central field, but observer 1 fixed his
position at distance r then
a1 = Γ1klv
kvl =
rg
2r2c2
Acceleration follows inverse square law as follows from (2.5). 
Remark 2.5. Theorem 2.1 has one specific case. If observer 1 moves along an
extreme line we can use Cartan connection. In this case ai1 = 0. If observer 2
moves along geodesic then
(2.10) ai2 = −Γ(C)
i
klv
k
2v
k
2 = −Γ(C)
i
kl(v
k
1v
k
1 + 2v
l
1δv
k)
If we substitute (2.3) into (2.10) we get
ai2 = −Γ(C)
i
klv
k
1v
k
1 − 2Γ(C)
i
klv
l
1
Dδxk
ds
+ 2Γ(C)imlΓ
m
knv
n
1 v
l
1δx
k
In this case (2.5) gets form
︷︸︸︷
D2 δxi
ds2
= (
︷︸︸︷
Rilnk +
︷︸︸︷
∇n T
i
lk)v
l
1v
n
1 δx
k + T ilk
︷︸︸︷
D δxk
ds
vl1
− Γ(C)iklv
k
1v
k
1 − 2Γ(C)
i
klv
l
1
︷︸︸︷
D δxk
ds
+ 2Γ(C)imlΓ
m
knv
n
1 v
l
1δx
k
(2.11)
In case of initial conditions
δxk = 0
Dδxk
ds
= 0
(2.11) is estimation of acceleration [7]-(11.1). 
3. Tidal Acceleration and Lie Derivative
(2.5) reminds expression of Lie derivative [7]-(7.4). To see this similarity we need
to write equation (2.5) different way.
By definition
Dak
ds
=
dak
ds
+ Γklpa
l dx
p
ds
= ak,pv
p + Γklpa
lvp
(3.1)
Dak
ds
= ak;<p>v
p
Because Da
k
ds
is vector we can easy find second derivative
D2ak
ds2
=
DDa
k
ds
ds
=
D(ak;<p>v
p)
ds
= ak;<pr>v
pvr + ak;<p>v
p
;rv
r
(3.2)
On the last step we used (3.1) when ak = vk. When vp is tangent vector of
trajectory of observer 1 from (2.1) it follows that
(3.3)
Dvi
ds
= vi;rv
r = ai1
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and from (3.2) and (3.3) it follows that
(3.4)
D2ak
ds2
= ak;prv
pvr + ak;<p>a
p
1
Theorem 3.1. Speed of deviation of two trajectories (2.1) satisfies equation
(3.5) LDδxn
ds
Γiklv
kvl = ai2 − a
i
1 + Γ
i
mlδx
mal1
Proof. We substitute (3.1) and (3.4) into (2.5).
δxi;<kl>v
kvl + δxk;<p>a
p
1 = T
i
lnδx
n
;<k>v
kvl1 + (R
i
klm + T
i
km;<l>)δx
mvk1v
l
1
+ ai2 − a
i
1 + Γ
i
mlδx
mal1
0 = (T ilnδx
n
;<k> − δx
i
;<kl> +R
i
klmδx
m + T ikm;<l>δx
m)vk1v
l
1
+ ai2 − a
i
1 − δx
k
,pa
p
1
(3.6)
(3.5) follows from (3.6) and [7]-(7.4). 
At a first glance one can tell that the speed of deviation of geodesics is the Killing
vector of second type. This is an option, however equation
LDδxn
ds
Γikl = 0
does not follow from equation
(3.7) LDδxn
ds
Γiklv
kvl = 0
However equation (3.7) shows a close relationship between deep symmetry of space-
time and gravitational field.
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Ïðèëèâíàÿ ñèëà â ìåòðèêî-àèííîé ãðàâèòàöèè
Àëåêñàíäð Êëåéí
Àííîòàöèÿ. Îáîáùåíèå èäåè ìîæåò ïðèâåñòè ê î÷åíü èíòåðåñíîìó ðå-
çóëüòàòó. Èçó÷åíèå, êàê êðó÷åíèå âëèÿåò íà ïðèëèâíóþ ñèëó îáíàðóæè-
âàåò ñõîäñòâî ìåæäó ïðèëèâíûì óðàâíåíèåì äëÿ ãåîäåçè÷åñêîé è óðàâíå-
íèåì Êèëèíãà âòîðîãî òèïà.
Ñâÿçü ìåæäó ïðèëèâíûì óñêîðåíèåì, êðèâèçíîé è êðó÷åíèåì äà¼ò âîç-
ìîæíîñòü èçìåðèòü êðó÷åíèå.
Ìî¼ âíèìàíèå ïðèâëåêëà ñòàòüÿ [6℄. ×òîáû îáúÿñíèòü àíîìàëüíîå óñêîðåíèå
Pioneer 10 è Pioneer 11 ([4℄), Àíòîíèî àíàäà ïðèâëåêàåò ñòàðóþ òî÷êó çðåíèÿ
Ýéíøòåéíà î ïðèðîäå ãðàâèòàöèîííîãî ïîëÿ è èñïîëüçóþò èäåþ Ýéíøòåéíà
î ïåðåìåííîé ñêîðîñòè ñâåòà. Êîãäà Ýéíøòåéí íà÷àë èçó÷àòü ãðàâèòàöèîííîå
ïîëå, îí ñòàðàëñÿ ñîõðàíèòü ãåîìåòðèþ Ìèíêîâñêîãî è, ñëåäîâàòåëüíî, ïðåä-
ïîëàãàë, ÷òî ìàñøòàá ïðîñòðàíñòâà è âðåìåíè íå ìåíÿþòñÿ. Â ðåçóëüòàòå îí
áûë âûíóæäåí ïðèíÿòü ãèïîòåçó, ÷òî ñêîðîñòü ñâåòà ìîæåò ìåíÿòüñÿ â ãðà-
âèòàöèîííîì ïîëå. Êîãäà ðîññìàí ïîçíàêîìèë Ýéíøòåéíà ñ ðèìàíîâîé ãåî-
ìåòðèåé, Ýéíøòåéí ïîíÿë, ÷òî íà÷àëüíàÿ ãèïîòåçà áûëà îøèáî÷íà è ðèìàíîâà
ãåîìåòðèÿ ëó÷øå ðåøèò åãî çàäà÷ó. Ýéíøòåéí íèêîãäà íå âîçâðàùàëñÿ ê èäåå
î ïåðåìåííîé ñêîðîñòè ñâåòà.
Äåéñòâèòåëüíî, òðè çíà÷åíèÿ: ìàñøòàá ïðîñòðàíñòâà è âðåìåíè è ñêîðîñòü
ñâåòà ÿâëÿþòñÿ ñâÿçàííûìè â ñîâðåìåííîé òåîðèè è ìû íå ìîæåì èçìåíèòü
îäíó âåëè÷èíó áåç èçìåíåíèÿ äðóãîé. Ïðèñóòñòâèå ãðàâèòàöèîííîãî ïîëÿ ìå-
íÿåò ýòî ñîîòíîøåíèå. Ìû èìååì äâà âûáîðà. Ìû ñîõðàíÿåì èñõîäíî çàäàí-
íóþ ãåîìåòðèþ (çäåñü, ãåîìåòðèþ Ìèíêîâñêîãî) è ìû ñîãëàñíû, ÷òî ñêîðîñòü
ñâåòà ìåíÿåòñÿ îò òî÷êè ê òî÷êå. èìàíîâà ãåîìåòðèÿ ïðåäëàãàåò íàì äðóãîé
âûáîð. åîìåòðèÿ ñòàíîâèòñÿ ðåçóëüòàòîì èçìåðåíèÿ è èçìåðèòåëüíûé èíñòðó-
ìåíò ìîæåò ìåíÿòüñÿ îò òî÷êè ê òî÷êå. Â ýòîì ñëó÷àå ìû ìîæåì ñîõðàíèòü
ñêîðîñòü ñâåòà ïîñòîÿííîé. åîìåòðèÿ ñòàíîâèòñÿ îíîì, êîòîðûé çàâèñèò îò
èçè÷åñêèõ ïðîöåññîâ. Ôèçè÷åñêèå çàêîíû ñòàíîâÿòñÿ íåçàâèñèìûìè îò îíà.
1. Ïðèëèâíîå óñêîðåíèå
Íàáëþäåíèÿ â Ñîëíå÷íîé ñèñòåìå è âíå î÷åíü âàæíû. Îíè äàþò íàì âîç-
ìîæíîñòü âèäåòü, ãäå îáùàÿ òåîðèÿ îòíîñèòåëüíîñòè ïðàâà è íàéòè å¼ îãðà-
íè÷åíèÿ. Î÷åíü âàæíî áûòü îñòîðîæíûì ñ òàêèìè íàáëþäåíèÿìè. NASA âû-
ïîëíèëî î÷åíü èíòåðåñíûå íàáëþäåíèÿ Pioneer 10 è Pioneer 11 è âûïîëíèëî
ñëîæíûå ðàñ÷¼òû èõ óñêîðåíèÿ. Îäíàêî, âîçíèêàåò îäèí èíòåðåñíûé âîïðîñ:
êàêîãî òèïà óñêîðåíèÿ ìû ìåðÿëè?
Pioneer 10 è Pioneer 11 ñîâåðøàþò ñâîáîäíîå äâèæåíèå â ñîëíå÷íîé ñèñòåìå.
Ñëåäîâàòåëüíî, îíè äâèæóòñÿ âäîëü ñâîåé òðàåêòîðèè áåç óñêîðåíèÿ. Îäíàêî,
õîðîøî èçâåñòíî, ÷òî äâà òåëà, äâèãàÿñü âäîëü áëèçêèõ ãåîäåçè÷åñêèõ, èìåþò
Aleks_KleynMailAPS.org.
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îòíîñèòåëüíîå óñêîðåíèå, êîòîðîå íàçûâàåòñÿ ïðèëèâíûì óñêîðåíèåì. Ïðèëèâ-
íîå óñêîðåíèå â îáùåé òåîðèè îòíîñèòåëüíîñòè èìååò âèä
(1.1)
D2δxk
ds2
= Rklnkδx
kvnvl
ãäå vl - ñêîðîñòü òåëà 1 è δxk - îòêëîíåíèå ãåîäåçè÷åñêîé òåëà 2 îò ãåîäåçè÷å-
ñêîé òåëà 1. Ìû âèäèì èç ýòîãî âûðàæåíèÿ, ÷òî ïðèëèâíîå óñêîðåíèå çàâèñèò
îò äâèæåíèÿ òåëà 1 è êàê òðàåêòîðèÿ òåëà 2 îòêëîíÿåòñÿ îò òðàåêòîðèè òåëà
1. Íî ýòî çíà÷èò, ÷òî äàæå äëÿ äâóõ òåë, êîòîðûå íàõîäÿòñÿ íà îäíîì è òîì
æå ðàññòîÿíèè îò öåíòðàëüíîãî òåëà, ìû ìîæåì èçìåðèòü ðàçíîå óñêîðåíèå
îòíîñèòåëüíî íàáëþäàòåëÿ.
àçäåë 2 ïîñâÿù¼í ðåøåíèþ çàäà÷è, êàêèå èçìåíåíèÿ èñïûòûâàåò ïðèëèâ-
íàÿ ñèëà íà ìåòðèêî-àèííîì ìíîãîîáðàçèè.
Âîçíèêàåò âîïðîñ: ìîæåì ëè ìû èñïîëüçîâàòü óðàâíåíèå (2.5), ÷òîáû èç-
ìåðèòü êðó÷åíèå? Ìû ïîëó÷èì ïðèëèâíîå óñêîðåíèå èç ïðÿìûõ èçìåðåíèé.
Ñóùåñòâóåò ìåòîä èçìåðÿòü êðèâèçíó (ñì. íàïðèìåð [3℄). Îäíàêî, äàæå åñëè
ìû çíàåì óñêîðåíèå è êðèâèçíó, ìû ïî-ïðåæíåìó èìååì äèåðåíöèàëüíîå
óðàâíåíèå, ÷òîáû íàéòè êðó÷åíèå. Îäíàêî, ýòîò ïóòü ìîæåò äàòü ïðÿìîé îò-
âåò íà âîïðîñ ñóùåñòâóåò ëè êðó÷åíèå.
Îòêëîíåíèå îò ïðèëèâíîãî óñêîðåíèÿ (1.1), ïðåäñêàçàííîãî îáùåé òåîðèåé
îòíîñèòåëüíîñòè ìîæåò èìåòü ðàçëè÷íûå ïðè÷èíû. Îäíàêî ìû ìîæåì íàéòè
îòâåò, êîìáèíèðóÿ ðàçíûå ìåòîäû èçìåðåíèÿ.
2. Ïðèëèâíîå óðàâíåíèå
ß ðàññìàòðèâàþ îáîáù¼ííóþ ñâÿçíîñòü [7℄-(10.1). Ìû ïîëàãàåì, ÷òî ðàñ-
ñìàòðèâàåìûå òåëà ñîâåðøàþò ïðîèçâîëüíîå, à íå ãåîäåçè÷åñêîå äâèæåíèå.
Ìû ïðåäïîëîæèì, ÷òî îáà íàáëþäàòåëÿ íà÷èíàþò ñâî¼ ïóòåøåñòâèå èç îä-
íîé è òîé æå òî÷êè
1
è èõ ñêîðîñòü óäîâëåòâîðÿåò äèåðåíöèàëüíûì óðàâíå-
íèÿì
(2.1)
DviI
dsI
= aiI
ãäå I = 1, 2 - íîìåð íàáëþäàòåëÿ è dsI - èíèíèòåçèìàëüíàÿ äóãà íà ãåîäå-
çè÷åñêîé I. Íàáëþäàòåëü I ñëåäóåò ãåîäåçè÷åñêîé ñâÿçíîñòè [7℄-(10.1), êîãäà
aI = 0. Ìû ïîëîæèì òàê æå, ÷òî ds1 = ds2 = ds.
Îòêëîíåíèå òðàåêòîðèé (2.1) δxk - ýòî âåêòîð, ñîåäèíÿþùèé íàáëþäàòå-
ëåé. Êðèâûå áåñêîíå÷íî ìàëî áëèçêè â îêðåñòíîñòè íà÷àëüíîé òî÷êè
xi2(s2) = x
i
1(s1) + δx
i(s1)
vi2(s2) = v
i
1(s1) + δv
i(s1)
Ïðîèçâîäíàÿ âåêòîðà δxi èìååò âèä
dδxi
ds
=
d(xi2 − x
i
1)
ds
= vi2 − v
i
1 = δv
i
Ñêîðîñòü îòêëîíåíèÿ δxi - ýòî êîâàðèàíòíàÿ ïðîèçâîäíàÿ
Dδxi
ds
=
dδxi
ds
+ Γiklδx
kvl1
= δvi + Γiklδx
kvl1
(2.2)
1
ß ñëåäóþ [3℄, page 33
2
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Èç (2.2) ñëåäóåò, ÷òî
(2.3) δvi =
Dδxi
ds
− Γiklδx
kvl1
Íàêîíåö ìû ãîòîâû îöåíèòü âòîðóþ ïðîèçâîäíóþ âåêòîðà δxi
D2δxi
ds2
=
dDδx
i
ds
ds
+ Γikl
Dδxk
ds
vl1
=
d(δvi + Γiklδx
kvl1)
ds
+ Γikl
Dδxk
ds
vl1
=
dδvi
ds
+
dΓikl
ds
δxkvl1 + Γ
i
kl
dδxk
ds
vl1 + Γ
i
klδx
k dv
l
1
ds
+ Γikl
Dδxk
ds
vl1
(2.4)
D2δxi
ds2
=
dδvi
ds
+ Γikl,nv
n
1 δx
kvl1 + Γ
i
klδv
kvl1 + Γ
i
klδx
k dv
l
1
ds
+ Γikl
Dδxk
ds
vl1
Òåîðåìà 2.1. Ïðèëèâíîå óñêîðåíèå ñâÿçíîñòè [7℄-(10.1) èìååò âèä
D2δxi
ds2
= T iln
Dδxn
ds
vl1 + (R
i
klm + T
i
km;<l>)δx
mvk1v
l
1
+ ai2 − a
i
1 + Γ
i
mlδx
mal1
(2.5)
Äîêàçàòåëüñòâî. Òðàåêòîðèÿ íàáëþäàòåëÿ 1 óäîâëåòâîðÿåò óðàâíåíèþ
(2.6)
Dvi1
ds
=
dvi1
ds
+ Γikl(x1)v
k
1v
l
1 = a
i
1
(2.7)
dvi1
ds
= ai1 − Γ
i
klv
k
1v
l
1
Â òîæå âðåìÿ òðàåêòîðèÿ íàáëþäàòåëÿ 2 óäîâëåòâîðÿåò óðàâíåíèþ
Dvi2
ds
=
dvi2
ds
+ Γikl(x2)v
k
2v
l
2
=
d(vi1 + δv
i)
ds
+ Γikl(x1 + δx)(v
k
1 + δv
k)(vl1 + δv
l)
=
dvi1
ds
+
dδvi
ds
+ (Γikl + Γ
i
kl,mδx
m)(vk1v
l
1 + δv
kvl1 + v
k
1δv
l + δvkδvl)
= ai2
Ìû ìîæåì ïåðåïèñàòü ýòî óðàâíåíèå ñ òî÷íîñòüþ äî ïîðÿäêà 1
dvi1
ds
+
dδvi
ds
+ Γiklv
k
1v
l
1 + Γ
i
kl(δv
kvl1 + v
k
1 δv
l) + Γikl,mδx
mvk1v
l
1 = a
i
2
Èñïîëüçóÿ (2.6), ìû ïîëó÷èì
ai1 +
dδvi
ds
+ Γiklδv
kvl1 + Γ
i
klv
k
1δv
l + Γikl,mδx
mvk1v
l
1 = a
i
2
(2.8)
dδvi
ds
= −Γiklδv
kvl1 − Γ
i
lkδv
kvl1 − Γ
i
kl,mδx
mvk1v
l
1 + a
i
2 − a
i
1
3
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Ìû ïîäñòàâèì (2.3), (2.7), è (2.8) â (2.4)
D2δxi
ds2
= −Γiklδv
kvl11
− Γiln(
Dδxn
ds
− Γnmkδx
mvk1 )v
l
1 − Γ
i
kl,mδx
mvk1v
l
1
+ ai2 − a
i
1
+ Γimk,lv
k
1δx
mvl1 + Γ
i
klδv
kvl1
1
+ Γimnδx
m(an1 − Γ
n
klv
k
1v
l
1) + Γ
i
nl
Dδxn
ds
vl1
D2δxi
ds2
= (Γimk,l − Γ
i
kl,m + Γ
i
lnΓ
n
mk − Γ
i
mnΓ
n
kl)δx
mvk1v
l
1
+ Γinl
Dδxn
ds
vl1 − Γ
i
ln
Dδxn
ds
vl1
+ ai2 − a
i
1 + Γ
i
mnδx
man1
D2δxi
ds2
= (Γimk,l − Γ
i
km,l + Γ
i
km,l − Γ
i
kl,m
+ ΓilnΓ
n
mk − Γ
i
nlΓ
n
mk + Γ
i
nlΓ
n
mk − Γ
i
nlΓ
n
km + Γ
i
nlΓ
n
km
− ΓimnΓ
n
kl + Γ
i
nmΓ
n
kl − Γ
i
nmΓ
n
kl)δx
mvk1v
l
1
+ T iln
Dδxn
ds
vl1 + a
i
2 − a
i
1 + Γ
i
mnδx
man1
D2δxi
ds2
= T iln
Dδxn
ds
vl1
+ (T ikm,l
2
+ Γikm,l
1
− Γikl,m
1
+ T inlΓ
n
mk2
+ ΓinlT
n
km2
+ ΓinlΓ
n
km1
− T inmΓ
n
kl2
− ΓinmΓ
n
kl1
)δxmvk1v
l
1
+ ai2 − a
i
1 + Γ
i
mlδx
mal1
(2.9)
Ñëàãàåìûå, ïîä÷¼ðêíóòûå ñèìâîëîì 1, ïðåäñòàâëÿþò êðèâèçíó, è ñëàãàåìûå,
ïîä÷¼ðêíóòûå ñèìâîëîì 2 ïðåäñòàâëÿþò êîâàðèàíòíóþ ïðîèçâîäíóþ êðó÷å-
íèÿ. (2.5) ñëåäóåò èç (2.9). 
Çàìå÷àíèå 2.2. Òåëî 2 ìîæåò áûòü óäàëåíî îò òåëà 1. Òîãäà ìû ìîæåì âîñïîëü-
çîâàòüñÿ ïðîöåäóðîé (òàê æå êàê â [4℄), îñíîâàííîé íà ïàðàëëåëüíîì ïåðåíîñå.
Ñ ýòîé öåëüþ ìû ïåðåíåñ¼ì âåêòîð ñêîðîñòè íàáëþäàòåëÿ 2 â íà÷àëüíóþ òî÷êó
íàáëþäàòåëÿ 1 è çàòåì îöåíèì ïðèëèâíîå óñêîðåíèå. Ýòà ïðîöåäóðà ðàáîòàåò
â ñëó÷àå íå ñèëüíîãî ãðàâèòàöèîííîãî ïîëÿ. 
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Çàìå÷àíèå 2.3. Åñëè â öåíòðàëüíîì ïîëå íàáëþäàòåëü 1 èìååò îðáèòàëüíóþ
ñêîðîñòü Vφ, íàáëþäàòåëü 2 äâèæåòñÿ â ðàäèàëüíîì íàïðàâëåíèè, è îáà íàáëþ-
äàòåëÿ ñëåäóþò ãåîäåçè÷åñêîé, òî ïðèëèâíîå óñêîðåíèå èìååò âèä
D2δx1
ds2
= R1lnkδx
kvnvl
= (R1001v
0v0 +R1221v
2v2)δx1
= (
rg
r3c2
1
1−
V 2
φ
c2
− (−1 +
rg
2r
−
r − rg
r
)V 2φ )δx
1

Çàìå÷àíèå 2.4. Åñëè íàáëþäàòåëü 2 ñëåäóåò ãåîäåçè÷åñêîé â öåíòðàëüíîì ïîëå,
íî íàáëþäàòåëü 1 çàèêñèðîâàë ñâîþ ïîçèöèþ íà ðàññòîÿíèè r, òî
a1 = Γ1klv
kvl =
rg
2r2c2
Óñêîðåíèå ñëåäóåò çàêîíó îáðàòíûõ êâàäðàòîâ, êàê ñëåäóåò èç (2.5). 
Çàìå÷àíèå 2.5. Ó òåîðåìû 2.1 åñòü îäèí îñîáûé ñëó÷àé. Åñëè íàáëþäàòåëü 1
äâèæåòñÿ âäîëü ýêñòðåìàëüíîé êðèâîé, ìû ìîæåì ïîëüçîâàòüñÿ ñâÿçíîñòüþ
Êàðòàíà. Â ýòîì ñëó÷àå ai1 = 0. Åñëè íàáëþäàòåëü 2 äâèæåòñÿ âäîëü ãåîäåçè-
÷åñêîé, òî
(2.10) ai2 = −Γ(C)
i
klv
k
2v
k
2 = −Γ(C)
i
kl(v
k
1v
k
1 + 2v
l
1δv
k)
Åñëè ìû ïîäñòàâèì (2.3) â (2.10), òî ìû ïîëó÷èì
ai2 = −Γ(C)
i
klv
k
1v
k
1 − 2Γ(C)
i
klv
l
1
Dδxk
ds
+ 2Γ(C)imlΓ
m
knv
n
1 v
l
1δx
k
Â ýòîì ñëó÷àå (2.5) ïðèíèìàåò âèä
︷︸︸︷
D2 δxi
ds2
= (
︷︸︸︷
Rilnk +
︷︸︸︷
∇n T
i
lk)v
l
1v
n
1 δx
k + T ilk
︷︸︸︷
D δxk
ds
vl1
− Γ(C)iklv
k
1v
k
1 − 2Γ(C)
i
klv
l
1
︷︸︸︷
D δxk
ds
+ 2Γ(C)imlΓ
m
knv
n
1 v
l
1δx
k
(2.11)
Â ñëó÷àå íà÷àëüíûõ óñëîâèé
δxk = 0
Dδxk
ds
= 0
(2.11) ÿâëÿåòñÿ îöåíêîé óñêîðåíèÿ [7℄-(11.1). 
3. Ïðèëèâíîå óñêîðåíèå è ïðîèçâîäíàÿ Ëè
(2.5) íàïîìèíàåò âûðàæåíèå ïðîèçâîäíîé Ëè [7℄-(7.4). ×òîáû óâèäåòü ýòî
ñõîäñòâî, ìû äîëæíû çàïèñàòü óðàâíåíèå (2.5) äðóãèì ñïîñîáîì.
Ïî îïðåäåëåíèþ
Dak
ds
=
dak
ds
+ Γklpa
l dx
p
ds
= ak,pv
p + Γklpa
lvp
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(3.1)
Dak
ds
= ak;<p>v
p
Òàê êàê
Dak
ds
- âåêòîð, ìû ìîæåì ëåãêî íàéòè âòîðóþ ïðîèçâîäíóþ
D2ak
ds2
=
DDa
k
ds
ds
=
D(ak;<p>v
p)
ds
= ak;<pr>v
pvr + ak;<p>v
p
;rv
r
(3.2)
Íà ïîñëåäíåì øàãå ìû èñïîëüçóåì (3.1), êîãäà ak = vk. Êîãäà vp - êàñàòåëüíûé
âåêòîð òðàåêòîðèè íàáëþäàòåëÿ 1, èç (2.1) ñëåäóåò, ÷òî
(3.3)
Dvi
ds
= vi;rv
r = ai1
è èç (3.2) è (3.3) ñëåäóåò, ÷òî
(3.4)
D2ak
ds2
= ak;prv
pvr + ak;<p>a
p
1
Òåîðåìà 3.1. Ñêîðîñòü îòêëîíåíèÿ äâóõ òðàåêòîðèé (2.1) óäîâëåòâîðÿåò
óðàâíåíèþ
(3.5) LDδxn
ds
Γiklv
kvl = ai2 − a
i
1 + Γ
i
mlδx
mal1
Äîêàçàòåëüñòâî. Ìû ïîäñòàâèì (3.1) è (3.4) â (2.5).
δxi;<kl>v
kvl + δxk;<p>a
p
1 = T
i
lnδx
n
;<k>v
kvl1 + (R
i
klm + T
i
km;<l>)δx
mvk1v
l
1
+ ai2 − a
i
1 + Γ
i
mlδx
mal1
0 = (T ilnδx
n
;<k> − δx
i
;<kl> +R
i
klmδx
m + T ikm;<l>δx
m)vk1v
l
1
+ ai2 − a
i
1 − δx
k
,pa
p
1
(3.6)
(3.5) ñëåäóåò èç (3.6) è [7℄-(7.4). 
Íà ïåðâûé âçãëÿä ìîæíî ïðåäïîëîæèòü, ÷òî ñêîðîñòü îòêëîíåíèÿ ãåîäåçè÷å-
ñêîé ÿâëÿåòñÿ âåêòîðîì Êèëèíãà âòîðîãî òèïà. Ýòî âîçìîæíî, õîòÿ óðàâíåíèå
LDδxn
ds
Γikl = 0
íå ñëåäóåò èç óðàâíåíèÿ
(3.7) LDδxn
ds
Γiklv
kvl = 0
Îäíàêî óðàâíåíèå (3.7) ïîêàçûâàåò òåñíóþ ñâÿçü ìåæäó ãëóáîêîé ñèììåòðèåé
ïðîñòðàíñòâà âðåìåíè è ãðàâèòàöèîííûì ïîëåì.
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5. Ïðåäìåòíûé óêàçàòåëü
îòêëîíåíèå òðàåêòîðèé 2
ñêîðîñòü îòêëîíåíèÿ 2
8
6. Ñïåöèàëüíûå ñèìâîëû è îáîçíà÷åíèÿ
Dδx
i
ds
ñêîðîñòü îòêëîíåíèÿ 2
δxk îòêëîíåíèå òðàåêòîðèé 2
9
